We consider reversible work extraction from identical quantum systems. From an ensemble of individually passive states, work can be produced only via global unitary (and thus entangling) operations. However, we show here that there always exists a method to extract all possible work without creating any entanglement, at the price of generically requiring more operations (i.e. additional time). We then study faster methods to extract work and provide a quantitative relation between the amount of generated multipartite entanglement and extractable work. Our results suggest a general relation between entanglement generation and the power of work extraction.
We consider reversible work extraction from identical quantum systems. From an ensemble of individually passive states, work can be produced only via global unitary (and thus entangling) operations. However, we show here that there always exists a method to extract all possible work without creating any entanglement, at the price of generically requiring more operations (i.e. additional time). We then study faster methods to extract work and provide a quantitative relation between the amount of generated multipartite entanglement and extractable work. Our results suggest a general relation between entanglement generation and the power of work extraction. Energy storage and its subsequent extraction has always been a central topic of thermodynamics, due to its obvious fundamental and practical importance. Entanglement is a key feature of quantum mechanical systems. It is one of the cornerstones of quantum information theory and it proved to be important in different physical phenomena as, to name a couple, quantum phase transitions [1, 2] or fractional quantum Hall effect [3] .
In quantum thermodynamics, entanglement is also connected to work extraction from multipartite systems. Indeed, global (and thus entangling) unitary operations are capable of extracting more work than local operations from a set of quantum systems (see, for instance, [4] ). However, that an entangling operation is needed for a process, does not imply that entanglement is generated during its execution. The scope of this work is to clarify these connections. We first show that optimal work extraction can be achieved without any entanglement generation. The corresponding dynamics is slow, in the sense that it requires many different operations. We then consider faster methods and establish a link between entanglement generation and extractable work. Our results point to a connection between entanglement generation and work power.
A classical result on work extraction is the no-go theorem called "Thomson's formulation of the second law of thermodynamics": no work can be extracted from a thermal state via cyclic hamiltonian processes [5] . It is extended to finite quantum systems by introducing the concept of passive states, those not capable of giving out energy during any cyclic hamiltonian process [6, 7] . Thermal states are passive, while not all passive states are thermal. Indeed, several copies of states of the latter type may contain population inversions, allowing for some work extraction. On the other hand, thermal states do not share this ability of "activation" since any combination (tensor product) of thermal states is a thermal, thus passive, state. The converse is also true: if any combination of a passive state is passive then it is a thermal state. One can, however, get some work out of a set of locally thermal states by initially correlating them, the microcanonical state being a prominent example [9] [10] [11] [12] .
We study the problem of work extraction from N noninteracting finite-level systems. For simplicity and with no loss of generality we assume all systems to be identical with
We take the eigenbasis of h 0 as the standard basis.
Typically one wishes to store (even if not for long time) the energy before extracting it. For that, one prepares the ensemble in an active state which is diagonal in the total hamiltonian so that it remains unchanged:
with all P µ ≥ 0 and µ P µ = 1. Note that the initial state is separable, as it is diagonal in the product energy eigenbasis, but may display classical correlations. Now, to extract work, at the moment t = 0 external control fields with a time-dependent potential V (t) are turned on. In the presence of these fields the ensemble-made up of N systems-undergoes a unitary evolution driven by the hamiltonian h(t) = h 0 + V (t). Then, at the moment t = τ , external fields are turned off: V (τ ) = 0; providing, thus, the cyclicity of the process and returning the systems their original structure. The overall unitary evolution operator is given by the time-
, rendering the final state to be:
The work extracted during the process is given by the difference of the initial and final energies of the system:
As proven in [9] , the unitary operator minimizing tr (Ω(τ )h 0 ) (hence maximizing W ) is the one that results in a permutation of the elements of Ω so that the largest element of Ω is matched with the smallest one of h 0 , the one-but-largest with the one-but-smallest, etc. This shows that the state is passive iff its elements are reversely ordered with respect to the hamiltonian h 0 . Now note that after maximal work extraction the final state of the ensemble is separable because is diagonal in the eigenbasis of the non-interacting hamiltonian h 0 , as the initial state. On the other hand, permutation operations are not local and can have maximal entangling power [13] , so the following natural questions arise: does the state of the system get entangled during the process? If yes, how entangled does it become? Is there any way to bypass the entanglement creation, so that the state remains classically correlated all the time?
We start by answering the last question and provide a protocol that attains maximal work extraction with no entanglement. Then, we consider faster protocols and provide lower bounds to the entanglement they generate. These bounds are applied to two relevant scenarios, namely maximal work extraction from the microcanonical bath [9] [10] [11] [12] and from copies of passive states [6, 7] .
Bypassing entanglement. Indirect paths.-To extract maximal work from a state of the form (1) we need to reorder its entries accordingly. This reordering can be done in elementary steps of transpositions. E.g., Ω may be such that the population of the lowest energy level (P 1 ) is not its maximal element, namely P ν =1 . Then one needs to transpose P 1 with P ν , etc. After some number of such steps the state will be ordered properly, yielding maximal work.
The transposition of the population of any energy level by the population of some other level can be done without creating entanglement in the meantime. Indeed, suppose we need to transpose P α by P β . The eigenstates of h 0 corresponding to them are |α = |i 
and the N − 1 steps back from |i
On each step one only exchanges the populations between states involved in it. Here we stress that all steps in (4) involve only the corresponding states, while the populations of the other states are kept unchanged. Thus, one cannot perform any of these steps with a local unitary operation. Here we assumed the number of positions where the inputs of strings {i are different, n αβ , to be equal to N . In general, n αβ can be < N making the chain (4) shorter. This generalization can straightforwardly be done throughout the article.
The unitary operator that transposes the populations of two basis states, say |α and |β , reads as
If the control potential V (t) generating U αβ couples only to |α and |β , the evolution operator at some intermediate moment t of the process is
where u αβ (t) lives in the linear span of |α and |β and is unitary. It depends on t and the concrete form of V (t). Now for, e.g., the first step in (4) we need to perform the transposition unitary U αα between |α = |i 
Quite straightforwardly, ρ 1 (t) ≥ 0 and tr[ρ 1 (t)] = 1, so (7) means that the state of the ensemble is separable during the whole process of population exchange between |α and |α . Notice that although U αα (t) is global and thus has entangling power, there exist states which it does not entangle.
By the same reasoning, one may stay separable also during the rest of transpositions in chain (4). So any replacement in the global state of the ensemble can be made without creating entanglement between its constituents, which proves that one can extract maximal work from the ensemble and stay separable during the whole process.
Finally we note that the results of this section also hold for a generic product initial state ⊗ i ρ i , where each ρ i may have quantum coherences, that is, off-diagonal elements in the energy eigenbasis. One first extracts maximal work from individual systems via local, thus non-entangling, unitary operations, and then applies the protocol described above to the resulting diagonal state.
The previous non-entangling protocol requires 2N − 1 global operations in order to perform the desired exchange of the populations |α and |β . However, this exchange can be performed in one step by the unitary operator (5) . We term such evolutions by direct paths. Now, the natural question is whether entanglement is generated by these direct paths, which allow one to extract work faster and thus get more power.
Direct paths.-Consider the population exchange of |α and |β . A relevant example of a direct path would be the time independent hamiltonian H = π 2τ (|α β| + |β α|) which generates the desired interchange at t = τ . More generally, we will consider the evolution of Ω(t) = U αβ ΩU αβ † where U αβ is found from (6).
In order to measure the entanglement of Ω(t) in a direct path we use a recently proposed measure of genuine multipartite entanglement for mixed states [3] [4] [5] which luckily turns out computable for states relevant to the work extraction protocol [17] . The measure is essentially a straightforward generalization of the concurrence [14] to multipartite systems (see the Appendix for a detailed description of the measure), and therefore has a clear operational meaning.
The measure represents an ordered string E (with elements 4] . For pure states the latter notion means that the state vector can be written as a tensor product of at most l terms. Then, a density matrix is said to be l-separable if it can be decomposed into pure states that are at least l-separable. Two immediate corollaries of the above definitions are: (i) the familiar fully separable (nonentangled) state is the N -separable state, for which E is the zero string. That is why E 1 > 0 is the necessary and sufficient condition for the state to be entangled.
(ii) The 1-separable state is the genuinely N -partite entangled state [18] . Therefore, the smallest entry of E, E 2 N −1 −1 , measures the amount of genuinely N -partite entanglement in the state.
In the Appendix we bring closed-form expressions of lower bounds for all entries of the entropy vector. The states we deal with in this work have only two (complexconjugated) nondiagonal elements (1, 2, 6). The latter fact greatly simplifies the formulas for the mentioned lower bounds, and their maximal values (reached simultaneously) during the transposition between |α and |β , Λ k , are as follows (see the Appendix):
where a runs over all bipartitions γ a ∪γ a of the set {1, ..., N }; A enumerates the set of all k-tuples Γ k A of the index a; |α a is obtained from |α = |i 
as is proven in [3] , E 1 = Λ 1 and
(Note that after each transposition step the entries P µ of (1) must be updated before using the formula (19) .)
Microcanonical bath.-As a first application, consider work extraction from the microcanonical state of width ∆ around some energy E 0 of the total system
with |E . These exchanges do not overlap and can be done in N ∆ successive steps. If as a first exchange we take the one between states with energy 0 and E 0 − ∆/2, then if there are n 1 different indices in those sates [19] , formula (19) shows that the corresponding bath particles are genuinely n 1 -partite entangled during the whole transposition. [20] A set of passive states.-Another important scenario is the product of passive-but-not-thermal states [4, 6, 7] :
with σ p = diag(p 1 , ..., p d ). The maximal work W is delivered by the unitary operation, that minimizes the final energy. The unitary operation preserves the whole spectrum of the state. Nevertheless, if we require our transformation to preserve only the von Neumann entropy S(σ) = − tr[σ ln σ], the consequent minimal energy will generally be less and will be delivered by a thermal state [4] . So, subtracting the latter minimal value from the initial energy will upper-bound the work W . Moreover, as is shown in [4] , such a bound can be reached in the thermodynamic limit, i.e., (11) where σ th = diag(q 1 , ..., q d ) is thermal and has the same entropy as σ p , and S( || ) is the conditional entropy.
Observe that for N 1 the spectrum of σ ⊗N p has a typical subset -a set of almost identical eigenvalues that asymptotically sum-up to 1 [21] . Hence, the number of elements in the typical set is asymptotically equal to e N S(σp) [22] . Because S(σ p ) = S(σ th ), the typical sets of σ [4] . These e N S(σp) transpositions do not overlap and can therefore be made successively.
Consider the direct path exchange of the populations of |α and |β given, respectively, by
. Here the expressions (19) are simplified to
So, e.g. for P α ≥ P β , the state will be at most l-separable when: 
that σ p must satisfy to be at most l-separable during the process. Here γ is the same as in (13) . It can be easily checked that (14) is the same for all typical states, so it holds for the whole work extraction process.
Condition (14) has a simple interpretation -the greater the difference between σ p and σ th , the more entanglement we need. In the N 1 limit, the condition for entanglement to be present is S(σ th ||σ p ) ≥ ln[3 + 2 √ 2]/N so basically all states get entangled, while the condition for genuine N -partite entanglement to appear is S(σ th ||σ p ) ≥ ln [2] which tells that this entanglement does not have to be N -partite.
On the other hand, the extracted work is governed by the difference of σ p and σ th (11) . So the farther σ th is from σ p the more entanglement is generated and more work is extracted. This situation is illustrated in Fig. 1 for four three-level systems.
Entanglement and power.-These two exemplary cases show that entanglement is widely present during direct routes. Furthermore, the amount of entanglement is directly connected to the amount of work for the case of identical systems. In general this connection exists but is less direct: work from an elementary exchange is proportional to the difference of populations involved, and so is the first term in (19) -the expression for generated entanglement.
On the other hand, the amount of generated entanglement can be reduced by combining direct and indirect paths. One simply performs N − l exchanges via indirect paths followed by a direct path producing at most l-partite entanglement. Alternatively, (14) implies that for identical systems one can arbitrarily reduce the amount of entanglement generated by performing K extra steps of direct exchange of states ρ k (k = 1, ..., K) satisfying S(ρ 1 ||σ p ) < S(ρ 2 ||σ p ) < ... < S(σ th ||σ p ). In both cases, if we assume that all global transpositions are equally time consuming, reducing entanglement production comes at the expense of increasing the time of the process.
Our analysis thus suggests that, although entanglement plays no role for the amount of work one extracts, it may be crucial for the power -the larger the power output the more entanglement is created during the process. This strictly holds for the protocols considered in this work, and it does not depend on the choice of the entanglement measure.
Conclusions & Outlook.-We studied the role of entanglement generation in work extraction from an ensemble 4 σp on the direct path exchange of the populations of levels |1111 and |0222 . The levels of each system are {0, , }. Lighter regions correspond to more work extraction. The white lines separate regions of l-separability, the left side (SEP) being fully separable and the rightmost region (GME) genuinely multipartite entangled. Notice that there are regions where work is extracted without generating any entanglement. However, as W increases, k-partite entanglement starts appearing with k progressively larger. The inset illustrates the direct quantitative relation between the amount of genuinely 4-partite entanglement measured by GME = E 2 N −1 −1 , and the extractable work W in the same setting and with p0 = 0.55.
of N non-interacting systems.
We introduce a protocol for maximal work extraction such that no entanglement is created in the ensemble during the runtime. We then consider direct paths and show that a higher amount of work extraction requires a higher level of entanglement (see, e.g., Fig. 1 ). For the considered protocols, the power at which work is extracted is connected to the entanglement production.
In recent proposals of resource theories for work extraction Ref. [25, 27] , the latter is also studied as a permutation of diagonal elements in a density matrix, so our results regarding the entanglement generation straightforwardly apply there. Actually the task of population exchange is also essential in other processes in quantum thermodynamics such as dynamical cooling of spins in NMR physics or constructing optimal heat engines (see, e.g., [23, 24, 26] ), etc., so our results have implications also beyond the problem of work extraction.
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the matrix elements of the state ρ. For a given set C of off-diagonal elements of ρ, they read:
where the index a runs over all bipartitions γ a ∪γ a of the set {1, ..., N }; A enumerates the set of all k-tuples Γ The lower bounds (17) easily apply to the considered processes in this work. Indeed, given the initial global diagonal state Ω, consider the exchange of populations P α , P β of the states |α , |β respectively; under some unitary process given by:
where u αβ (t) lives in the linear span of |α and |β and is unitary. The bounds (17) yield for U αβ ΩU αβ † :
Notice that the right hand side of (19) can be made timeindependent by using max t {|u αβ 1,1 (t)|·|u αβ 1,2 (t)|} = 1/2 -a consequence of its unitarity. This leads to the desired expression to compute the k-separability of the state under a permutation of diagonal elements.
Finally, note that E 1 in (19), i.e. the first entry of the entropy vector, is equivalent to the PPT criterion. Therefore the bound is exact since the dimension of the subspace is 2x2 and therefore the PPT criterion is a sufficient and necessary condition. Furthermore, the last bound of (19) , E 2 N −1 −1 , is also exact as proven in [8] . Therefore, our detection criteria is exact both for entanglement and genuine N-partite entanglement and it can be used to quantify them.
